
Descriptive Set Theory
Lecture 7

Perfect Polish spaces . A top . space ✗ is called perfect it it doesn't
have

any isolated points .

A point ✗ EX is called isolated if 1×1 is

open .
A subset Y ≤✗ is called perfect if it is closed and perfect.

Caution
. IQ is a perfect top . space but it's not a perfect subset
of IR

.

Examples at perfect Polite . IR
,
10,131N, IRN , 10,13, 21N, IN "Y

CHO,D) - webinars fact. on lo
,
D
, left.

Counterexamples . 10,17 V14
.

Perfect set theorem (Cantor)
. Ay nonempty perfect Polish space ✗

contains a homeomorphic copy
of the Cantor space 2

"!

In particular, ✗ has cardinality continuum
,

Proof
.
We build a Cantor scheme (Us) ,azan of vanishing diam .

lwrt a couplet compatible metric on X) sit
.

④ Ñsni ≤ Us lit Us =/ ∅ open . This would guarantee that



the induced
map

f has domain = 2.
"✓ at it is a

continuous injection ( hence automatically an e- bedding .
✗ u

. u
,

let U∅:=✗ .

Bene Up is perfect , it has
÷ % 22 parts so Hausdorffun gives disjoint

roughly open Uo
,
Ui . For eah Us

,

SEE"Y
that's already been defined

,
do the following :✗

/ \ Us -to ⇒ has at least two points ⇒
"° " contains two disjoint open balls of dian .

old o/\o ≤ 2-" l at such tht their domes are •chief
t.d.d.io in Us

.

Theorem (Cantor - Bendixsod
. Every Polish space ✗ can be

uniquelywritten as a disjoutwciou PHU ,
here

U is a cthl open
sit I P is perfect .

This P is called the perfect core of X .

her
. Every Polish space has the perfect set property, i.e . it's
either ctbl or contains a howeo

. copy of
2N (here

has cardinality continuum) .



Proof of uniqueness . Suppose ✗=P
,
UH ,

= Ruth
,
here the

Ui are ctbl
open at the Pi are perfect . It's enough

to show tht P, Alli -∅ . Suppose otherwise
. Open subsets

of perfect spaces are themselves perfect in the rel
. top .

I open subsets af Polish spaces are Polish . thus
,

RA Ui is a nonempty perfect Polish space . Thus
, Pintle

is uuctbl
, hatradictiy Uz being ctbl

.

We give two proofs of the existence
,
in both of chick

we will be removing
"small

"

open sets at eventually arriving
at the perfect core. The proofs differ 6, which open sets are

considered small : ctbl or finite
.

Proof 1- of existence
.
Fix a dbl basis (Vu) I let V be

the collection of all basic open ut tht

are ctbl
.
Put U :=UV I P : -_ ✗ Ill .

U is a ctbl union of ctbl open sets so it's
{ ! ctbl I open . It remains to show tht P is

-

perfect . Fix a relatively open set# AP
,
here

V≤ ✗ is open . Then VIP has to be ancfhl bese

i ; ;



otherwise V would be KAHUKU) chick
is dhl

,
bat have removed sah sets

,
i. e.vn F-∅

.

thus
,
VAP has at least 2 elevate

.

For Proof 2
,
we need the notion of Cantor - Bendix soon

derivative : for a top . space
✗
,
let

✗ '
:= ✗ I { ✗ EX : × is isolated) ,

I call it the Cantor - Bendixson derivative at ×
.

let ✗
"I :-X

,

✗
'*"
:= ( ✗ '"Y for

any
ordinal 2

,

✗ × : = A ✗
"' fer a limit ordinal k .

✗< ×

let ✗ be the following subset of 2 "!

✗
"%
,

✗
'

r

o %:"

X
"

X
"
= ∅



Note ht hen X is 2ⁿᵈ ctbl
,
XIX

' it ctbl because it in

a disjoint union of 1- eleweit open sets
,
chick hence wait be

basic for
any

basis .

Proof 2 of existence
.
besides the Cantor - Beadixsoa derivation

(✗ '4)✗< u
,

.
N.be ht this is a decreasing

ordinal - indexed sequence of closed sits in a 2-d- cfhl

spine, so
it stabilizes at a chl ordinal ✗ < w ,

,
i. e. ✗

""1=11!"

thus
,
XH is perfect I ✗ 1×41 = ✓ ✗HMH I

✗"11 ✗ "
")
= ✗
'" I

'
is ctbl

,
so

"&
✗ ( ✗ "l is all / open.

let the least ordinal ✗ it . ✗"I = ✗ "
"\

be called

the Cantor - Bendix son rank of ✗ I cheated by 1×4,5--2 .

We denote the perfect core of ✗ by ✗
'✗↳

ur ✗?

In the example above
,
the Candor - Beadixsa rank is 3 .

O- dimensional Polish spaces . A top . space is called 0-

dimensionalif it admits a basis of dopeu sits , e.
g.
2",ÑN.

These spaces are very disconnected
,
in fact,x are totally
Odin . Hausdorff spaces



disconnected
,
i. e. any distinct points ×

, y can be separated
by disjoint Iopeu sits U > ✗ at Voy . The converse fails

even for Polish spaces
: let ✗ be the subset of l

'

/ IN) :=
agnatesof reals tht are absolutely savable , consisting of all poiats
rith irrational eateries

.
this is a t.la/ydiswu . Go subset

of the Polish space e' IN)
,
here is itself Polish

.

But

it is shown tht this is not a 0 - divisional space
lit is 1-dim .

O-din Polish spaces admit a FBI basis I also a basis

consisting of dope - sits .
Car be get a ch/ basis

consisting of dope sits ? Yes
.

Leanna
.
2ⁿᵈ d-bl top . spaces are Lindelof

,
i. e. every spec

cover admits a dbl shaver.
Proof

.

let U be a ctbl basis I let V be an open over
of ✗

,

,
let U

'

:={UeU : FVEV wataiaiy U } .
⑦ This is still ctbl at note tht U

'

covers X.

¥µ For each UEU '

choose VuEV s.t.tl ≥U
.

Then V
'
:= { Vu : UEU

'} is a ctblsabwueroftl
.



Prop . For as 2'd ctbl space
✗
, any

basis B admits

a 4h1 sabidkotioa B' ≤ B that is still a basis .
Proof. let uld be a ctbl basis I let B be a basis .

Evey Un is a union of sets in B
,
i. e- activity

a cover by sets in B. But Uu itself is a 2 'd ill

space so in fact Uc admits a chat cover by sik ie
B. Putting all these covers together her all Uu

,

we obtain a still ctbl subset B' ≤ B sit
.

Hn
,
Un is a union of sits in B '

,
here B1

is a basis .


